THE PHASE REPRESENTATION OF CO VARIANT 
PHASE OBSERVABLES 
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^ ■ Abstract. Covariant phase observables are obtained by defining 

simple conditions for mappings from the set of phase wave func- 
■ tions (unit vectors of the Hardy space) to the set of phase proba- 

bility densities. The existence of phase probability density for any 
phase wave function, the existence of interference effects, and the 
\^ | natural phase shift covariance are those simple conditions. The 

£SJ • nonlocalizability of covariant phase observables is proved. 
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Let us start with some necessary conditions of phase measurements. 
From a phase measurement one gets phase statistics, that is, a prob- 
H \ ability density / defined on the phase interval, say, [0,2%). Thus, 

fa)' 1 f** f(0)d9 = 1, f(9) >0, 6 E [0,2vr), and / can be expanded 
periodically to the whole real line. The probability for phase to be in 
the phase window X C [0, 2tt) is (2^)~ 1 f x f (9)6.9. 

In quantum theory, one associates a Hilbert space to the physical sys- 
tem under consideration. In the case of a single mode optical field, it is 
convenient to choose the number space TCn spanned by number states 
(|^})neN to describe the system. The number space is isomorphic to 
the Hardy class H 2 on the unit disc via the mapping \n) i— > e~ . 
Hence, an element if) of H 2 can be represented as a Fourier series 
^{°) = Er=o^ e " m " where Er=oK| 2 < oo. The Hardy class H 2 is 
a subspace of L 2 ([0,2tt)), the L 2 ([0, 27r))-space consisting of all square 
integrable functions [0, 2n) — ► C with Fourier-series J^^L.^ d n e~ md 
where Er=-oo \d n \ 2 < oo. 
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The number operator iV = Yl'^=o n \ n ) ( n \ * s isomorphic to the de- 
rivative operator id$ in H 2 , and the phase shifter e iaN operates as 
if)(9) i— > ip{9 — a) in H 2 . It is natural to say that H 2 is a phase rep- 
resentation space for the single mode system, and we call (normalized) 
elements of H 2 as phase wave functions. 

Suppose that the single mode system is prepared in a (vector) state 
if) G H 2 , 1 1 -0| | = 1, and we make phase measurements and get a phase 
probability density /. The canonical distribution is f(9) = \ip(9)\ 2 and 
the trivial (random) distribution is f(6) = 1. Next we state general 
conditions for phase measurements. 

1. Existence of probability densities. For any phase wave func- 
tion if) G H 2 there exists a phase probability density : 
[0,2tt) -»■ [0,oo]. 

2. Existence of interference effects. For any two phase wave 
functions if), (p G H 2 there exist complex valued functions fy tV 
and ftpj, defined on [0, 2n) such that 

(9) = \ci\ U,^{9) + \c 2 \ f v ,<p{Q) +cic 2 f^{9) +cic 2 f v ,ip{9) 

for all Ci, C2 G C such that \\c\if) + C2<p\\ = 1. 

3. Phase shift covariance. If one shifts the phase of a phase wave 
function ip, that is, if>(9) i— »■ -0 a (6>) := ^(^ + a), then the proba- 
bility density should only move without deforming its shape. 
Hence, 

fip a ,ip a 

for all 9, a G K. 

Anticipating the below results, we say that the mapping (if),<p) i— > /^,^, 
which satisfies Conditions 1, 2, and 3, is a phase observable. It follows 
from Condition 2 that any phase observable has a unique sesquilinear 
extension to H 2 x i/ 2 . From Condition 1 one sees that this mapping 
is bounded (in the L 1 -norm). Thus, from Proposition 2 of [|TJ one gets 

oo 
n,m=0 

where ??„(#) := e~ ind , if){9) = £^ =0 a„ e -™ e , and <p(9) = T,Zo b ne~ ird 
Since 

:= ffe(0 + a) = e^" ^) 
and due to the sesquilinearity 

/ _ i(n—m)a r 

JV%,V% — e JVn,Vm 

it follows from Condition 3 that 

fvn,Vm( a ) = fv%,V?n(®) = ^ C n,m 
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where c n)Ta := /^^(O). In order that 9 \— > f Vttp (9) is positive and 
normalized, it is necessary that (c„ jm ) is positive semidefinite matrix 
with diagonals equal one, that is, (c„ im ) is a phase matrix ||. Hence, 
we can write (see Section 8 of H) that 



oo 



n,m=0 



and 



-L [ U, V {9)M= J2 c n<m ±- [ e^ n -^ e d9a^b m 

271 JX 27T J x 



n,m=0 

for all (Borel) sets X C [0, 2vr). 

For the canonical distribution, f^ tip (9) = t/j(9)(p(9), c n>m = 1 for all 
n, m, and for the trivial distribution f^,^{9) = (27r) _1 J 17 %jj(9)ip(9)d9, 
c n ,m = bn,m (Kronecker's delta). Note that the mapping (ip,(p) > fip >lf 
can be extended to the linear mapping from the set of trace-class opera- 
tors on H 2 to the set of integrable functions ^ 1 ([0, 2-7r)) (see Proposition 
2 of Especially, for any state (i.e., a positive trace-one operator) 
one gets a probability density function and, thus, a probability measure. 
A mapping from the set of states to the set of probability measures (on 
the outcome space of a measurement) defines a unique normalized pos- 
itive operator measure (POM) [|3] and, thus, it is reasonable to call the 
mapping (ip,ip) i— > fy <(p an observable. 

A phase matrix (c n>m ) defines a unique POM, a (covariant) phase 
observable 0, 

oo 

E(X)= V c„, m — / e^ n - m)e d9\n)(m\ 

— 1Y 

n,m=0 J A 

for all (Borel) sets X C [0, 27f). Thus, using a unitary mapping [/ : 
H N - H 2 , \n) i- U(\n)) := 77,,, 

-!- / U, v (6)d6 = (ij\UE(X)U*<p), ^,^6 tf 2 , 
^ Jx 

which shows that we can understand a phase observable as a phase shift 
covariant POM E, or a mapping (ip, ip) 1— > satisfying conditions 1, 
2, and 3. 

Theorem 2 of [lijj states that 

00 

£(X) = 5> B — / \e){9\d9v: 

z — ' Z7T /y 

n=0 ^ A 

where |0) := X^^=o e iri6> |ri) is the London phase state, and V n = 
Y^k=o z n,k \k) (k\ are bounded operators for which ^]^L \z n ,k\ 2 = 1 for 
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all fceN. The mapping X \— > (2tt) 1 J x |6 l )(6 l |d6 l is the canonical phase 
observable [[§ |]. Note that ||K|| < 1 and thus ||K^|| < IHI- In the 
case of the canonical phase, Vq = I and V n = O, n > 1, whereas in the 
case of the trivial phase, V n = \n) (n\ for all n. The canonical phase is 
(up to unitary equivalence) the only phase observable which is detem- 
ined by only one phase state V n \9). Defining contractions v n := UV*U* 
we may write 



x 



n=0 

For any s G N we may define a continuous function (x, y) 

C s (x,y) := Yfn,m=o e ~ inXc n,me imy ■ Thus, one gets 



— / LJ0)d6 = Urn — [ 



2tt ^ r2ir 



2tt / 2tt ' ^)Cs(x - 6,y - 9)ip(y)dxdy 



In the case of the canonical phase we may formally write that 
lim C s (x, y) -> 2-K5 2ir {x) 27rS 2 n{y) 

s— »oo 

where is the 27r-periodic Dirac delta function^. In the case of the 
trivial phase 

lim C s (x, y) -» 2vr5 27r (x - y). 

s^oo 

Hence, the canonical phase has the sharpest kernel lim^oo C s and the 
trivial phase kernel loses all phase information of states. Note also 
that C s (0,0) < (s + l) 2 and only in the case of the canonical phase 
C fl (0,0) = (s+ l) 2 for all s. 

Theorem 1. Let (ip, (p) 1— > be a phase observable. For any (Borel) 
X C [0, 2tt) for which f x d6 < 2tt, 

^ / u,i,(e)de < 1 

/or all unit vectors if) G H 2 . 

Proof. Let ^ G H 2 be a unit vector. It follows from The- 
orem 3 of I that (27T)- 1 f x f^(9)d6 = {U*ip\E(X)U*ip) = 
{2nY l f x (d\® (\U*ip) (U*ip\) \6)d6 where $ is a covariant trace- 
preserving operation. Since $ (\U*tp) (U*ip\) = J2T=o ^Jfel^fc) (<£>*: I > 
\ k G [0,1], ip k G H N , \\(p k \\ = 1, k G N, EfcLo-^fe = we § et 

1 Note that formally 62^(1) — (2iv)~ 1 X)^L-oo e%nx operating in a suitable subset 
of L 2 ([0,2^)) as an integral (/ h- lim^ / 27r /(a^Tr)" 1 £* = _ s e m *dx = /(0)). 
If we restrict the mapping / 1— > /(0) to the subset of H 2 then formally writing 
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(27V)- 1 J x f^(6)d6 = EZoM^)- 1 I x \(0M\ 2 d9. From Proposi- 
tion 8 of [| it follows that (2-k)- 1 J x |(% fc )| 2 d# < 1 for any (Borel) 
X C [0, 2tt) for which j x d6 < 2n and this completes the proof. □ 

Theorem [1] shows that we cannot find a phase wave function which is 
localized in some phase window X (essentially) other than [0, 2ir), that 
is, a phase observable cannot be localized. Also this shows that any 
phase observable E and the number N are probabilistically comple- 
mentary ||. 

Remark 1. The first moment operator 

i r 27T ^ i 

A=— 9\6)(6\de = vr/+ V In) (ml 

2tt In m — n 

J u n^m=0 

of the canonical phase observable 

— [ |0)(0|d0= V — / e i(n - m)e d6 In) (ml 
2tt \y — ' 2ix I x 

JX n,m=0 JX 

acts on the Hardy class H 2 as 

if) i — ► PQip 

where (Qip)(9) = 9ip(9) and P is projection from L 2 ([0,2it)) to H 2 . 
Thus, A is the Toeplitz phase operator suggested by Garrison and 
Wong J7j] and also Galindo M and Mlak 0. The canonical phase is 
(essentially) the only phase observable which has a covariant projection 
valued dilatation to L 2 ([0,27r)) |10| . The dilatation is the spectral 



measure X \— > xx of the multiplication operator Q. 
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